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Abstract. It is shown that any second order dynamic equation on a configuration space X 
of non-relativistic time-dependent mechanics can be seen as a geodesic equation with respect 
to some (non-linear) connection on the tangent bundle TX X of relativistic velocities. 
Using this fact, the relationship between relativistic and non-relativistic equations of motion 
is studied. 
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^ 1 Introduction 

I In physical applications, one usually thinks of non-relativistic mechanics as being an 

^1 approximation of small velocities of a relativistic theory. At the same time, the velocities 

^1 in mathematical formalism of non-relativistic mechanics are not bounded. It has long 

been recognized that the relation between the mathematical schemes of relativistic and 
^ ; non-relativistic mechanics is not trivial. Our goal is the following. 

^ I Let A be a 4-dimensional world manifold of a relativistic theory, coordinated by 

(x'*'). Then the tangent bundle TX of A plays the role of a space of its 4- velocities (see 
Section 4). A relativistic equation of motion is said to be a geodesic equation 

x^" = x^dxx" = K^ix", x'')x^ (1) 

with respect to a (non-linear) connection 

K = dx^® {dx + K^d^) (2) 

on TX —>■ X. By x'^{x) in (|I|) is meant a geodesic vector field (which exists at least on 
a geodesic curve), while x^dx is the formal operator of differentiation. Throughout, we 
use the notation d/dx^ = dx, d/dx^ = dx- 

"'^ E-mail address: mangiaro@camserv.uiiicam.it 
^E-mail address: sard@grav.phys.msu.su 
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It is supposed additionally that there is a pseudo-Riemannian metric g of signature 

(+, ) in TX such that a geodesic vector field does not leave the subbundle of 

relativistic hyperboloids 

Wg = {x' e TX I = 1} (3) 

in TX. It suffices to require that the condition 

(dxg^ux^ + 2g^,K^)x^x'' = 0. (4) 

holds for all tangent vectors which belong to Wg Obviously, the Levi-Civita con- 
nection {a'^i^} of the metric g fulfills the condition (|^). Any connection K on TX X 
can be written as 



where the soldering form 

a = a^dx^ ® dx 

plays the role of an external force. Then the condition (Q) takes the form 

^^.Or^'x^X^ = 0. (5) 

Let now a world manifold X admit a projection X — > R, where R is a time axis. 
One can think of the bundle X ^ R as being a configuration space of a non-relativistic 
mechanical system. It is provided with the adapted bundle coordinates where 
the transition functions of the temporal one are x"^ = a;°-|-const. The velocity phase 
space of a non-relativistic mechanics is the first order jet manifold J^X of X — > R, 
coordinated by {x^,Xq) |, ^, |T2[. There is the canonical imbedding of J^X onto 



the affine subbundle of the tangent bundle TX, given by the coordinate condition 

x° = 1, x' = xi (6) 
(see ( |T8|) below). Then one can think of (^) as the 4- velocities of a non-relativistic 



system. The relation differs from the relation (|4^) between 4- and 3-velocities of a 
relativistic system. In particular, the temporal component x° of 4-velocities of a non- 
relativistic system equals 1 (relative to the universal unit system). It follows that the 
4-velocities of relativistic and non-relativistic systems occupy different subbundles of the 
tangent bundle TX. We show the following. 
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Proposition 1. Let J'^X be the second order jet manifold of X — * R, coordinated by 
(x^, Xg, Xqo)- Each second order dynamic equation 

^00 ~ C {"^^ 1 1 ^o) (7) 
of non-relativistic mechanics on X — > R is equivalent to the geodesic equation 
x^dxx^ = 0, x° = 1, 

x^dxx' = it^x^ + Tt-x^ (8) 
with respect to a connection K on TX X which fulfills the conditions 

kI = o, e = Ki + ^iXiLo=^,,^=.i- (9) 

Note that, written relative to bundle coordinates x*) adapted to a given fibration 
X ^ R, the connection K (|]) and the geodesic equation (H) are well defined with respect 
to any coordinates on X. It should be also emphasized that the connection K (^) is 
not determined uniquely. We will return repeatedly to this ambiguity. This ambiguity 
is overcome if the relativistic transformation law of ^ is known. 

Thus, we observe that both relativistic and non-relativistic equations of motion can 
be seen as the geodesic equations on the same tangent bundle TX. The difference 
between them lies in the fact that their solutions live in the different subbundles and 

of TX. At the same time, relativistic equations, expressed into the 3-velocities x^/x'^ 
of a relativistic system, tend exactly to the non-relativistic equations on the subbundle 
@ when x^ — > 1, qqo —>■ 1, i.e., where non-relativistic mechanics and the non-relativistic 
approximation of a relativistic theory coincide only. 



2 Main relations 

There is the following relationship between relativistic and non-relativistic equations of 
motion. 

By a reference frame in non-relativistic mechanics is meant an atlas of local constant 
trivializations of the bundle X ^ R such that the transition functions of the spatial 
coordinates are independent of the temporal one In Section 3, we will give an 
equivalent definition of a reference frame as a connection F on X — R. 

Given a reference frame (x°, x*), any connection K{x^, x^) on the tangent bundle 
TX — > X defines the connection K on TX X with the components 

kI = 0, = Kl (10) 



3 



It follows that, given a fibration X — > R, every relativistic equation of motion (0) yields 
the geodesic equation (|) and, consequently, has the counterpart 



X 



00 



K^,{x\l,x',)+xiK}{x\l,x',) (11) 



(|^ in non-relativistic mechanics. Note that, written with respect to a reference frame 
{x^,x^), the connection K (P) and the corresponding geodesic equation (||) are well 
defined relative to any coordinates on X, while the dynamic equation (H) is done relative 
to arbitrary coordinates on X, compatible with the fibration X R. The key point 
is that, for another reference frame with time-dependent transition functions 

X* — i> x'\ the same connection K (0) on TX sets another connection K' on TX X 
with the components 

^ ' ^ \dx^ ^ ^x^' ) dx'^ dx^ ''dx'^ 

with respect to the reference frame x'*). It is easy to see that the connection K ( ]T0| ) 
has the components 

[dx^^''^ dx'^J dx'^' 

relative to same reference frame. This illustrates the obvious fact that a non-relativistic 
approximation is not relativistic invariant (see, e.g. 0]). 

The converse procedure is more intricate. At first, a non-relativistic dynamic equa- 
tion (^ is brought into the geodesic equation (§) with respect to the connection K (H). 
A solution is not unique in general. Then, one should find a pair {g, K) of a pseudo- 
Riemannian metric g and a connection K on TX X such K\ = K\ and the condition 
(§ is fulfilled. 

From the physical viewpoint, the most interesting dynamic equations are the quadratic 
ones (sprays), i.e., 

C = a}fc(x^)x^o4 + m^n4 + fix^. (12) 

This property is global due to the transformation law (|2T|). Then one can use the 
following two facts. 

Proposition 2. Any quadratic dynamic equation (|l^) is equivalent to the geodesic equa- 
tion (^ for the symmetric linear connection 

K = dx^® {dx + Rx'^uix'^Kd^) 
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on TX —>■ X , given by the components 

K,\ = 0, Ko\ = f\ Ko'j = hi, K/k = 4k- (13) 

It follows that every non-relativistic quadratic dynamic equation 

x^o = a],{xnxU + b]i^n4 + fixn (14) 
(|l^) gives rise to the geodesic equation 
x^dxx° = 0, x° = 1, 

x^dxx' = a}k{x^)x'x^ + 6}(x'^)x^x° + f{x^')x^x^ (15) 
on a world manifold X. 

Proposition 3. Every affine vertical vector field 

a={h]{x^)xi + f\x^M 
on the affine jet bundle J^X X is extended to the soldering form 

a = {fdx^ + bldx'') ® di 

on the tangent bundle TX — > X. 

It follows that, in particular, if there is no topological obstruction and the Minkowski 
metric 1] on TX exists, a non-relativistic dynamic equation 

xio = bi{xnxi + r{xn (16) 

gives rise to the geodesic equation 

x^dxx^ = 0, i;° = 1, 

x^dxx' = 65(x^)i^' + f (x^)x°. (17) 

We meet the above-mentioned ambiguity. The non-relativistic dynamic equation ([16|) 
can be represented as both the geodesic equation ([T7|) and the one (|T5|), where a = 0. 
The first is the case for external forces, e.g., an electromagnetic theory, while the latter 
is that for a gravitation theory. One can also use the following assertion, instead of 
Proposition 
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Proposition 4- Any non-relativistic quadratic dynamic equation (|I2D, being equivalent 
to the geodesic equation with respect to the hnear connection K (|13[), is also equivalent 
to the one with respect an affine connection K' on TX —>■ X which differs from K ([T3|) 
in a soldering form a on TX — >■ X with the components 

al = 0, al = K- ]^}f,x\ al = -hlx' - ^x' + K, 

where h\ are local functions on X. 

In Sections 3-4, we give a brief exposition of geometry of non-relativistic and relativis- 
tic mechanics and prove Propositions 1-3 (see |1|, |^ |T2| for details). Section 5 is devoted 
to several examples. In particular, we show that there is a coordinate system where 
the Lagrange equation for a non-degenerate quadratic Lagrangian in non-relativistic 
mechanics coincides with the non-relativistic approximation of the geodesic motion in 
the presence of some pseudo-Riemannian or Riemannian metric, whose spatial part is a 
mass tensor. 



3 Geometry of non-relativistic mechanics 

Let a fibre bundle X — >■ R, coordinated by (x°,a:*), be a configuration space of non- 
relativistic mechanics. Its base R is equipped with the standard vector field Oq and the 
standard 1-form dx^. The velocity phase space of non-relativistic mechanics is the first 
order jet manifold J^X of sections c of X — > R, which is provided with the adapted 
coordinates (a:°, x\ Xq). Recall that J^X comprises the equivalence classes j^oc of X — > R 
which are identified by their values c*(a;°) and the values of their derivatives OqC^x^) at 
points x° G R, i.e., 

xiijlc)=dodit). 

There is the canonical imbedding 

A : J^X ^TX, X = do + xidi, (18) 

over X. From now on, we will identify J^X with its image in TX. It is an affine bundle 
modelled over the vertical tangent bundle VX of X — R. 

In particular, every connection on a bundle X — R is given by the nowhere vanishing 
vector field 

r : X ^ J^X C TX, T = do + T'di, (19) 
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on X. It can be treated as a reference frame in non-relativistic mechanics. Every 



connection F* (|T^) defines an atlas of local constant trivializations of the bundle X ^ R 
and the associated coordinates [x^, x^) on X such that the transition functions x* 
x'^ are independent of x^, and vice versa We find F* = with respect to these 
coordinates. In particular, there is one-to-one correspondence between the complete 
connection F (W) and the trivializations X = R x M of the configuration bundle X. 



Recall that different trivializations of X differ from each other in projections of X to its 
typical fibre M, while the fibration X — R is one for all. 

By a non-relativistic second order dynamic equation on a configuration bundle X — 
R is meant the geodesic equation 

for a holonomic connection 

e = 9o + x^9, + r(x^a;^)9° (20) 

on the jet bundle J^X R. This connection takes its values into the second order jet 
manifold J^X C J^J^X. It has the transformation law 

= (^^d, + xix'.d.dk + xld.do + d,)x'\ (21) 



Let us consider the relationship between the holonomic connections ^ ( PO] ) on the jet 
bundle J^X — > R and the connections 

-i = dx^® {dx + 7i5°) (22) 

on the affine jet bundle J^X — ^ X. The connections 7 have the transformation law 

^t = id,x'X + d,x'^)^^. (23) 

Proposition 5. [|l], 0. Any connection 7 (^2]) on the affine jet bundle J^X X defines 
the holonomic connection 

^ = do + xld, + {Yo + xiYj)d^ (24) 

on the jet bundle J^X — >■ R. 

It follows that every connection 7 ([2^ ) on the affine jet bundle J^X —>■ X yields the 
dynamic equation 

^00 = 7o + ^I'j (25) 
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on the configuration space X. Of course, different dynamic connections may lead to the 
same dynamic equation (ESf). 



7 = ® [9o + {C - 7^xld]C)d^i] + dx^ ® [d, + -d%'d^] (26) 



Proposition 6. |]l], 0. Any holonomic connection ^ (|20|) on the jet bundle J^X ^ R 
defines a connection 

^a;^9jr)5°] + dx^ ® [d, + 

on the affine jet bundle J^X X. 

The connection 7 (|2^) , associated with a dynamic equation, possesses the property 

1- = dH + ^'o^hi (27) 

which implies 9° 7,^ = 9° 7^. Any connection 7, obeying the condition (P?]), is said to be 
symmetric. 

Let 7 be a connection (^) and the corresponding dynamic equation (|2^) . Then 
the connection (|26|), associated with takes the form 

li' = + 5°7o + ^odh% id = - a:^7c,f • 

It is readily observed that 7 = 7^^ if and only if 7 is symmetric. 

Since the jet bundle J^X — X is affine, it admits an affine connection 

l = dx^® [d, + {^\,{xn + l\,{xM)d'^]- 

This connection is symmetric if and only if '^\^ = Y^x- An affine connection 7 generates 
a quadratic dynamic equation, and vice versa. 

Now let us prove Proposition |l]. We start from the relation between the connections 
7 on the affine jet bundle J^X X and the connections K (H) on the tangent bundle 
TX ^ X of the configuration space X. Let us consider the diagram 



Jj^J^X ^Jj^TX 
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K {2t 



J^X ^ TX 



where JxTX is the first order jet manifold of the tangent bundle TX X, coordinated 
by (x'^, X'*', x^). The jet prolongation over X of the canonical imbedding A (|l^) reads 



J X : {x , Xq, x^q) I— > (x , X — 1, X — Xq, x^ — 0, x^ — x^q) 
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We have 

o 7 : {x\ 4) ^ {x\ x° = l,x' = xl = 0, i; = 7^), 
Ko\: {x\ xl) ^ ix\ x° = l,x' = xl xl = K^, x^ = K^). 

It follows that the diagram (^) can be commutative only if the components of the 
connection K on TX — > X vanish. Since the coordinate transition functions x^ — > x'^ 
are independent of a;*, a connection K with the components i^'J] = can exist on the 



tangent bundle TX — > X. In particular, let (x , x*) be a reference frame. Given an 
arbitrary connection K (0) on TX —>■ X, one can put = in order to obtain a 
desired connection 

K = dx^(E){dx + Kid,), (29) 
obeying the transformation law 



K'l = id,x'^Kf, + d,x'^)^. (30) 



dx^^ 
' dx'^ ' 

Now the diagram (^) becomes commutative if the connections 7 and K fulfill the 
relation 



7; = 4 o A = Kl{x\ x' = 1, = x^). (31) 

It is easily seen that this relation holds globally because the substitution of 
into (|30D restates the transformation law (^3]). In accordance with the relation (pT]), a 
desired connection K is an extension of the local section J^A o 7 of the affine bundle 
JxTX TX over the closed submanifold J^X C TX to a global section. Such an 
extension always exists, but it is not unique. Let us consider the geodesic equation 
(H) on TX with respect to the connection K. Its solution is a geodesic curve c(t) also 
satisfying the dynamic equation (|^, and vice versa. 

Remark. We can also consider the injection J^X TTX, given by the coordinate 
relations 

and show that the dynamic equation (^ is equivalent to the restriction to (^) of a 
second order equation on X. However, one must prove that this dynamic equation is a 
geodesic equation. Recall that any second order dynamic equation 

= E\x>',x^') (33) 
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on X defines a connection 



K. 



2 ^ 



Y\\ . The equation 



(34) 

41) is a geodesic equation 



on the tangent bundle TX X 
with respect to the connection ( p4|) if and only if it is a spray. It is readily observed 
that, if (|33|) is a geodesic equation ([l|) with respect to a non-linear connection K, the 
corresponding connection (|3^) does not coincide with in general. 



Corollary 7. In accordance with the relation (^I]), every dynamic equation on the con- 
figuration space X can be written in the form 

xl, = K^,o\ + xiK;o\, (35) 

where K is a connection (|29|) on the tangent bundle TX ^ X. Conversely, each connec- 
tion K of the type (|^) and, consequently, any connection K on the tangent bundle 
TX X defines a connection 7 on the affine jet bundle J^X — >■ X and the dynamic 
equation ([35| ) on the configuration space X. 

Proposition |] follows at once from the following lemma. 

Lemma 8. There is one-to-one correspondence between the affine connections 7 on the 
affine jet bundle J^X — > X and the linear connections K ( ^9]) on the tangent bundle 
TX — > X. This correspondence is given by the relation (^) which takes the form 

k;,{x>^)x' + ir/,(x^)x^Uo=i,.,=.. = k;,{x>^) + k;,{x^)xI 

(36) 



In particular, if an affine connection 7 is symmetric, so is the corresponding linear 
connection K. 

Corollary 9. Any linear connection K on the tangent bundle TX X defines the 
quadratic dynamic equation 

written with respect to a reference frame (x°,x*). 
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We conclude this Section with the proof of Proposition |^. Let ^ and ^' be holonomic 
connections on the jet bundle J^X R. It is readily observed that their difference is a 
vertical vector field 

which takes its values into the vertical tangent bundle VxJ^X C VJ^X of the affine 
jet bundle J^X —>■ X. Similarly to Lemma one can show that there is one-to-one 
correspondence between the VxJ^X- valued affine vector fields 

a = mx^)x', + r\x^M 

on J^X and the VxTX-valued linear vertical vector fields 

on TX. This linear vertical field determines a desired soldering form. 

4 Geometry of relativistic mechanics 

Let us consider a mechanical system whose configuration space X has not a preferable 
fibration X ^ R. We come to relativistic mechanics on X whose velocity phase space 
is the jet manifold of 1-dimensional submanifolds of X\ that generalizes the notion of 
jets of sections of a bundle ^ p!0[ . 

Let Z be an (m + n) -dimensional manifold. The 1-order jet manifold J}^Z of n- 
dimensional submanifolds of Z comprises the equivalence classes [5*]^ of n-dimensional 
imbedded submanifolds of Z which pass through z E Z, and are tangent to each other 
at z. It is provided with a manifold structure as follows. 

Let Y ^ N he an [m + r;,)-dimensional bundle over an ra- dimensional base N and $ 
an imbedding of Y into Z. Then there is the natural injection 

J^^ : J^Y J^Z, (37) 

Jl^ ^ [S]l(six)), S = lm{(l>os), 

where s are sections oi Y ^ N. This injection defines a chart on J^Z. Such charts 
with different iable transition functions cover the set J^Z. Therefore, one can utilize 
the following coordinate atlas on the jet manifold J^Z of submanifolds of Z. Let Z be 
endowed with a manifold atlas with coordinate charts 

(z^), A=l,...,n + m. (38) 
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Though J^Z, by definition, is diffeomorphic to Z, let us provide J^^Z with the atlas where 
every chart (z^) on a domain U G Z is replaced with the charts on the same domain U 
which correspond to the different partitions of the collection (z^) in collections of n and 
m coordinates, denoted by 

{q\y'), \ = l,...,n, t = l,...,m. (39) 

The transition functions between the coordinate charts ( pUD of J^Z, associated with the 
coordinate chart ( ^8l) of Z, reduce simply to exchange between coordinates and y\ 
Transition functions between arbitrary coordinate charts of the manifold J^Z read 



(40) 



Given the coordinate atlas (|39|) of the manifold J^Z, the jet manifold J^Z of Z is 
endowed with the adapted coordinates {q^,y^,yx)- Using the formal total derivatives 
dx = dx + y\d^, one can write the transformation rules for these coordinates in the 
following form. Given the coordinate transformations (^), it is easy to find that 



d~\ 



Then we have 



yx 



d 



d 



9''{q\yl 



dq 



(41) 



(42) 



When n = 1, the formalism of jets of submanifolds provides the adequate mathe- 
matical description of relativistic mechanics. In this case, the fibre coordinates y^ on 
JlZ ^ Z, with the transition functions (^), are exactly the familiar coordinates on the 
projective space RP™. 

Let X be a 4-dimensional world manifold equipped with an atlas of coordinates 
{x^yX"^) (|39|) together with the transition functions ( ^OD which take the form 

"° ■ 5°(x°,a;^), 



X 



X 



(43) 



The coordinates x° in different charts of X play the role of the temporal ones. 

Let JlX be the jet manifold of 1-dimensional submanifolds of X. It is provided with 
the adapted coordinates ( ) . Then one can think of Xq as being the 3- velocities 

of relativistic mechanics. Their transition functions are obtained as follows. 

Given the coordinate transformations (E3f), the total derivative (liTf) reads 



d~o = d~o{x°)d^o 



' dx^ 
dx^ 



+ xl 



dx^' 
dx^ 



d^o . 
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In accordance with the relation (^21) , we have 



The solution of this equation is 



dx^ dx^ J \dx'^ dx^ ) 

To obtain the relation between 3- and 4-velocities of a relativistic system, let us 
consider the morphism 

p:TX^ JlX, xiop = x'/x^. (44) 

It is readily observed that the coordinate transformation laws of Xq and x^/x'^ are the 
same. Therefore, one can think of the tangent bundle TX as being the space of the 
4-velocities of relativistic mechanics. 

The morphism (|^) is a surjection. Let us assume that the tangent bundle TX is 
equipped with a pseudo-Riemannian metric g such that X is time oriented. The bundle 
of hyperboloids Wg (|]) is the disjoint union of two connected imbedded subbundles 
of and W~ of TX. Then the restriction of the morphism (|4^ ) to each of these 
subbundles is an injection into J|X. 

Let us consider the image of this injection in the fibre of J|X over a point x & X . 
There are coordinates {x^, x*) in a neighbourhood of x such that a pseudo-Riemannian 
metric g{x) at x is brought into the Minkowski one t]. In this coordinates, the hyperboloid 

C T^X is 



This is the union of the subsets W^, where x° > 0, and , where x^ < 0. The image 
p(W+) is given by the coordinate relation 

i 

This relation means that the 3- velocities of a relativistic system (X, g) are bounded in 
accordance with the relativity principle. 
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It should be emphasized the difference between relativistic and non-relativistic 3- 
velocities. If a world manifold X admits a fibration X R, there is the canonical 
imbedding 

i : J^X JlX (45) 

of the velocity phase space J^X of a non-relativistic system on X — > R to that of a 
relativistic system (cf. (0)). Moreover, we have i = p o X. However, the image of 
the morphism i (^5D differs from that of the morphism (|^) for any pseudo-Riemannian 
metric g on TX. 



5 Examples 

In order to compare relativistic and non-relativistic dynamics, one should consider 
pseudo-Riemannian metric on TX, compatible with the fibration X — R. Note that R 
is a time of non-relativistic mechanics. It is one for all non-relativistic observers. In the 
framework of a relativistic theory, this time can be seen as a cosmological time. Given 
a fibration X — R, a pseudo-Riemannian metric on the tangent bundle TX is said 
to be admissible if it is defined by a pair {g^, T) of a Riemannian metric on X and a 
non-relativistic reference frame F ([19|) , i.e., 

g = -j^ - g"", (46) 

I r p= gj^J^T'' = g,.T^T\ 

in accordance with the well-known theorem p[. The vector field F is a time-like vector 
relative to the pseudo-Riemannian metric g (^), but not with respect to other admissible 
pseudo-Riemannian metrics in general. 

Given a coordinate systems (x°,x*), compatible with the fibration X — ^ R, let us 
consider a non-degenerate quadratic Lagrangian 

L = ^m^^ix^xlxi + h{x^)xl + f{x^), (47) 

where mij is a Riemannian mass tensor. Similarly to Lemma §, one can show that any 
quadratic polynomial in J^X C TX is extended to a bilinear form in TX. Then the 
Lagrangian L ( ^Tj) can be written as 

L = -^^aM<4, 4 = 1, (48) 



14 



where g is the metric 

goo = -2/, goi = -ki, gij = -nnj. (49) 
The corresponding Lagrange equation takes the form 

4o = -{m-'y'{xku}xX^ 4 = 1. (50) 

where 

{xf^u} = -^{dxg^,u + dygf,x - df,gxu) 

are the Christoffel symbols of the metric (|i9|). Let us assume that this metric is non- 
degenerate. By virtue of Proposition the dynamic equation (|50D can be brought into 
the geodesic equation (^) on TX which reads 

x^dxx^ = 0, x^ = 1, 

x^d^x' = {a^}xV - g'\xou}x^xr (51) 
Let us now bring the Lagrangian (^) into the form 

L = ^m,,(x^)(x^ - r){xi - F) + f{xn, (52) 

where F is a Lagrangian connection on X ^ R. This connection F defines an atlas of 
local constant trivializations of the bundle X — R and the corresponding coordinates 
(x°,af) on X such that the transition functions —>■ x'* are independent of and 
F* = with respect to (x°,x*) (see Section 3). In this coordinates, the Lagrangian L 
(^) reads 

L = ^mijxixi + f'ix^"). 

One can think of its first term as the kinetic energy of a non-relativistic system with 
the mass tensor friij relative to the reference frame F, while (— /') is a potential. Let us 
assume that /' is a nowhere vanishing function on X. Then the Lagrange equation (|50|) 
takes the form 

•^00 ~ {a iy}XoXo, Xq = 1, 

where {aV} are the Christoffel symbols of the metric (|49|) whose components with respect 
to the coordinates (x°,x*) read 

g.. = -friij, goi = 0, goo = -2/'. (53) 
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This metric is Riemannian if /' > and pseudo-Riemannian if /' < 0. Then the spatial 
part of the corresponding geodesic equation 

X OxX = U, X = 1, 
X dxX = {x u\X X 

is exactly the spatial part of the geodesic equation with respect to the Levi-Civita 
connection of the metric ( ^3l) on TX. It follows that, as was declared above, the non- 



relativistic dynamic equation (|53D describes the non-relativistic approximation of the 



geodesic motion in the Riemannian or pseudo-Riemannian space with the metric (|53D. 
Note that the spatial part of this metric is the mass tensor which may be treated as a 
variable 0. 

Conversely, let us consider a geodesic motion 

x^dxx^ = {x^u}x^x'' (54) 

in the presence of a pseudo-Riemannian metric g on a world manifold X. Let (x'^,3f) 
be local hyperbolic coordinates such that (?oo = I5 Ooi = 0. This coordinates are a 
non-relativistic frame for a local fibration X Ti. Then the equation (^) has the 
non-relativistic limit 

X OxX = U, X = 1, 

'x'dxx' = {x'ujx^x" (55) 

which is the Lagrange equation for the Lagrangian 
1 



2 



describing a free non-relativistic mechanical system with the mass tensor fntj = —gij. 
Relative to another frame (x°, x*(x°, a;-')) associated with the same local splitting X — > R, 
the non-relativistic limit of the equation (0) keeps the form (0), whereas the non- 
relativistic equation (^5]) is brought into the Lagrange equation ( |51| ) for the Lagrangian 



m,^{x^^){x\,-r){xl-r). (56) 



This Lagrangian describes a mechanical system in the presence of the inertial force 
associated with the reference frame F. The difference between (|51| ) and ( |55D shows 
that a gravitational force can not model an inertial force in general; that depends on 
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both a frame and a system. For example, if the mass tensor in the Lagrangian L (|56|) 
is independent of time, the corresponding Lagrange equation is a spatial part of the 
geodesic equation in a pseudo-Riemannian space. 

In view of the ambiguity that we have mentioned, the relativization ( pHD of an arbi- 
trary non-relativistic quadratic Lagrangian ( P7| ) may lead to a confusion. In particular, 
it can be applied to a gravitational Lagrangian where 

and is a gravitational potential. An arbitrary quadratic dynamic equation can be 
written in the form 

^00 ~ —{fn {\kij}xQXQ + V'^{x'^)xq, Xq = 1, 

where {\kfj} are the Christoffel symbols of some admissible pseudo-Riemannian metric 
whose spatial part is the mass tensor {—rriik), while 

blix^x'^ + blixn (57) 

is an external force. With respect to the coordinates where goi = 0, one may construct 
the relativistic equation 

x^dxx^ = {x^ujx^x" + (58) 

where the soldering form a must fulfill the condition d). It takes place only if 

Qikb) + gijbl = 0, 

i.e., the external force (^) is the Lorentz-type force plus some potential one. Then, we 
have 

cr'o = 0, 4 = -g'^guK 4 = K- 

The "relativization" ( |S5D exhausts almost all familiar examples. It means that a 
wide class of mechanical system can be represented as a geodesic motion with respect to 
some affine connection in the spirit of Cartan's idea. To complete our exposition, point 
out also another "relativization" procedure. Let a force C{x'^) in the non-relativistic 
dynamic equation (|^) be a spatial part of a 4- vector in the Minkowski space {X,ri). 
Then one can write the relativistic equation 

x^dxx" = - r]^f^^^x"x\ (59) 
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This is the case, e.g., for a relativistic hydrodynamics that we meet usually in the 
literature on a gravitation theory. However, the non-relativistic limit = 1 of (|59|) 
does not coincide with the initial non-relativistic equation. There are also other variants 
of relativistic hydrodynamic equations [Q]. 

References 

Giachetta G, Mangiarotti L and Sardanashvily G 1997 New Lagmngian and Ha- 
miltonian Methods in Field Theory (Singapore: World Scientific) 

Hawking S and Ellis G 1973 The Large Scale Structure of a Space-Time (Cam- 
bridge: Cambr. Univ. Press.) 

Kupershmidt B 1992 The Variational Principles of Dynamics (Singapore: World 
Scientific) 

de Leon M, Marrero J and Martin de Diego D 1997 J. Phys. A 30 1167 
Levy-Leblond J.-M. 1967 Comm. Math. Phys. 6 286 
Littejohn R and Reinsch M 1997 Rev. Mod. Phys. 69 213 

Mangiarotti L and Sardanashvily G 1998 Gauge Mechanics (Singapore: World 
Scientific) 

Marmo G, Rubano C and Thompson G 1990 Class. Quant. Crav. 7 2155 

Massa E and Pagani E 1994 Ann. Inst. Henri Poincare 61 17 

Modugno M and Vinogradov A 1994 Ann. Matem. Pura ed Appl. CLXVII 33 

Morandi G, Ferrario C, Lo Vecchio G, Marmo G and Rubano C 1990 Phys. Rep. 
188 147 

[12] Sardanashvily G 1998 J. Math. Phys. 39 2714 



18 



